We study spatial correlations in the transport of energy between two baths at different temperatures. To do this, we introduce a minimal model in which energy flows from one bath to another through two subsystems. We show that the transport-induced energy correlations between the two subsystems are of the same order as the energy fluctuations within each subsystem. The correlations can be either positive or negative and we give bounds on their values which are associated with a dynamic energy scale. The different signs originate as a competition between fluctuations generated near the baths, and fluctuations of the current between the two subsystems. This interpretation sheds light on known results for spatially-dependent heat and particle conduction models.
The physics of systems in and out of equilibrium can differ in dramatic ways. For example, in equilibrium, one-dimensional systems with short range interactions cannot show long-range correlations at positive temperatures. By contrast, in systems away from equilibrium long-range correlations are known to form when there is a steady-state current of a conserved quantity [1] [2] [3] . For diffusive systems this has been calculated for models of particle and heat transport [4] [5] [6] [7] , and measured in heattransport experiments [3, 8] .
In this paper, we study a minimal model for the formation of correlations during the transport of a conserved quantity. We focus primarily on energy, but also show an example in which the same model is used to describe the transport of particles. The model consists of two systems and two baths, arranged in a chain as shown in Fig. 1 . The total energy of the system is E tot = E 1 + E 2 + E int , where E 1,2 denotes the energy of the subsystems and E int is the interaction energy between the two subsystems, and also between the subsystems and the baths. We assume that the different components interact weakly, as is assured for example when the interactions are short range and the links between the components do not scale with system size. This means that the interactions allow energy to flow, but can be neglected in any energetic calculation. In equilibrium, i.e. when the temperatures of the two baths are equal, T 0 = T 3 , the probability of subsys- tem 1 to be in state s 1 and subsystem 2 to be in state s 2 is given to leading order in system size by
where β = 1/T 0 and Z is the partition function. It follows immediately that the energy correlations vanish
where . . . β denotes a thermal average. In this Letter we use this minimal model to explain the mechanism by which long range correlations develop in systems away from equilibrium, i.e. when T 0 = T 3 , despite the negligible interaction energies. These correlations are related to an energy scale associated with the current transversing the system. We apply our formalism to several examples, both classical and quantum, and show that the correlations can be both positive and negative. We give a simple picture to explain the appearance and sign of the correlation, and which also sheds light on continuous diffusive systems.
The correlations discussed in this Letter can in principle be measured in various systems. For example, correlations of the electric charge can be measured in double quantum dot experiments [9] , and in small analog electronic circuits. The latter can also be used to measure heat fluctuations [10] . Such setups have been used in experimental studies of fluctuation relations [10, 11] .
The model.-The currents between the different components of the system are denoted by J 01 , J 12 , J 23 , see Fig. 1 . Conservation of energy implies that
We consider simple dynamics, where the current fluctuations are modeled by white noise. Separating fluctuations from average values, we write the currents as
where
, for indices ij = 01, 12, 23. Overbars denote averages at fixed E 1 , E 2 , and B ij are noise amplitudes.
The above model provides a good description of the dynamics when the energy flows are slow enough to allow subsystems 1 and 2 to constantly relax to their microcanonical equilibria at energies E 1 and E 2 . This assures that the state of each subsystem is well-described by its energy. The associated (microcanonical) inverse temperatures are β i (E i ) ≡ ∂S i (E i ) /∂E i for i = 1, 2, where S i (E i ) is the entropy of the i-th subsystem. This timescale separation also means that over the relaxation time of the entire system to its non-equilibrium steady-state, the current performs many independent fluctuations, and can therefore be modeled by white noise about the average.
The physical information about the systems and the energy flow is contained in the 6 functions A ij and B ij which as we show below can be obtained for specific models. Under some conditions the function A ij and B ij are related. Specifically, let w be the energy flow within the memory time of the noise (of the order of the subsystems' relaxation time, or shorter). If (∆β) 2 w 3 c ≪ w, where w 3 c denotes the third cumulant and ∆β is the largest of |β 1 − β 0 | , |β 2 − β 1 | and |β 3 − β 2 |, then the following generalized fluctuation-dissipation relation holds
This follows by taking a cumulant expansion of the exchange fluctuation relation [12] , and neglecting cumulants of order 3 and higher, according to condition 2 above, as discussed in detail in Ref. [13] (for a different approach, see Ref. [14] ). It holds in general when the temperature differences are small (namely in the standard linear response regime) but can hold more generally in some cases (see Ref. [13] for examples). In what follows we use this relation when applicable. Finally, note that Eqs. (2-3) describe [15] , for a specific form of functions A ij and B ij , the dynamics of local energy transfers in a stochastic form [6, 16] of the discrete Kipnis, Marchioro, and Presutti model [17] . We relate them to other models below.
Steady-state fluctuations.-With the model defined, we turn to study the energy fluctuations at its steady-state. At the steady-state, dE 1 /dt = dE 2 /dt = 0, where angular brackets denote averages over the steady-state probability distribution. From Eqs. (2) and (3), this implies A 01 = A 12 = A 23 .
As in equilibrium, fluctuations are expected to scale as N 1/2 , where N is the system size. This will be shown selfconsistently below. This motivates an expansion in small energy fluctuations
Using this we first find E i . To lowest order in δE i , we have
which can be solved to obtain E 1 and E 2 . We next expand Eq. (2) to leading order in the fluctuations to obtain:
Here R is a 2 × 2 matrix with elements R ij = ∂ Ej X i E1,2= E1,2 , where X 1 = A 01 −A 12 and X 2 = A 12 − A 23 . The matrix R controls the relaxation of fluctuations, as d δE i /dt = j R ij δE j . Σ is a 3 × 2 matrix which specifies the strength of the fluctuations. Since the numbers B ij do not generally vanish at
we have to lowest order in the fluctuations
. Finally, the energy correlation matrix C ij = E i E j − E i E j can be obtained by solving the Lyapunov equation [19] 
where Q ≡ ΣΣ T . In general, away from equilibrium the off-diagonal C 12 does not vanish. In what follows, we will demonstrate this explicitly in two simple models.
It follows from Eq. (4) that A ij and B ij have the same scaling with system size. R is composed of derivatives of the type ∂A ij /∂E k , and therefore scales as N −1 , where N is the system size. From Eq. (7) it follows that C ∼ N , as in equilibrium. The fluctuations in the energy then scale as N 1/2 and justify self-consistently the expansion in small δE 1 , δE 2 .
Linear A model.-Consider a simple model, where subsystems 1 and 2 are identical, with microcanonical temperatures T (E). E (T ) will denote the inverse of this function. In addition, for the dynamics we take
Here ε are the energy densities in the baths (ε(T 0 ) and ε(T 3 )) and in the subsystems (ε 1,2 = E 1,2 /N ); and γ is a rate constant, setting a time scale in the model. From the definition of R
The solution to Eq. (7) 
Thus C 12 is positive for any T 0 = T 3 , and proportional to the system size. This model can be considered as a "boxed" version of standard models for heat or particle conduction with spatial dependence, known to have positive correlations in the continuum limit [5] . Indeed, a similar line of argumentation applies to continuum diffusive systems, which conduct particles or heat. If a fluctuation in the energy density E (x, t) decays according to a simple diffusion ∂ t E = D∇ 2 E, with D a constant diffusion coefficient, a current fluctuation near the baths will contribute to positive correlations, while current fluctuations at the bulk will contribute to negative correlations. Therefore models with stronger noise near the boundary will have positive correlations, while models with stronger bulk noise will have negative correlations, as illustrated in Fig. 2 . This gives a simple picture of the positive correlations found in standard heat conduction models [5, 6] as opposed to negative correlation found, for example, in the simple symmetric exclusion process (SSEP) [4, 18] , a standard particle conduction model.
Indeed, a boxed version of the SSEP can be constructed as follows. Consider a boxed model in which ε i describes the density of particles in box i. A particle then hops from subsystem i to j with rate γε i (1 − ε j ) where 1 is the maximal density of particles that each subsystem can contain. This leads [19] to a linear A = γ(ε i − ε j ) model with a variance in the particle transfer between boxes B ij = γ (ε i (1 − ε j ) + ε j (1 − ε i )) . Using the procedure outlined above we find here
Note that now the correlations are negative as opposed to positive in the previous example. We next turn to calculate the correlations in two quantum examples. In the first we consider coupled Fermi gases. In the second, treated in the Supplementary Material, we study systems which exchange energy through blackbody radiation. In both cases the correlations turn out to be positive.
Ideal Fermi gas.-We now derive the correlation function starting from a quantum mechanical model of weakly interacting Fermi gases. To derive the average energy flow, we first consider two Fermi gases in adjacent boxes, with Hamiltonian
In addition, there is a density-density interaction between the c and d fermions, localized at the contact point ("0") between the two boxes. This interaction allows for the exchange of energy between the boxes, but does not permit particle exchange between them.
For small λ we can treat H ′ as a weak perturbation. Its effect is to scatter a pair of electrons {c k2 , d k4 } to a new pair {c k1 , d k3 }. Each such process leads to a transfer of energy ǫ k3 − ǫ k4 . The rate for this process is computed using Fermi's golden rule, leading to an average energy current A cd = f (1) cd and fluctuations B cd = f (2) cd , where
(11)
are Fermi occupation functions and µ c,d are chemical potentials. Note that we allow for different densities and temperatures in the two boxes. We can replace the sums over k by integrals over energy, k → dǫ ν(ǫ). Furthermore, provided that T c , T d ≪ T F , the Fermi temperature, we can ignore the energy dependence of the density of states, and replace ν(ǫ) → ν c,d for each one of the boxes. We then obtain
. B cd is found numerically to be well-described by
which satisfies Eq. (4) when T c ≈ T d . In what follows we will consider the case where the subsystems and the baths are all described by Fermi gases, and we will take κ cd = κ to be constant across all junctions. Using Eqs. (12) and (5) we solve for the average energies to find T 1 = ((2T . From this, following the procedure described above, and using the expression for E to lowest order in
2 , we find
whose sign depends on the convexity of B cd . Using Eq. (13) we find that correlations are always positive and increase with the temperature difference between the two baths.
Bound on the energy correlations.-It is natural to ask how the magnitude of the correlations is related to the different energy scales in the problem: k B T i for i = 0..3, and a dynamic energy scale J τ , composed of the average current J multiplied by the relaxation time of fluctuation to the steady-state, τ . The last energy scale is directly related to the non-equilibrium steady state.
In the supplementary materials we consider systems in which Eq. (4) holds, and show that, if the average currents grow with the difference between E i and E j (i.e. ∂ Ei A ij > 0 and ∂ Ej A ij < 0), then
This gives an upper bound on the size of the correlations. The bound is proportional to the dynamic energy scale J τ , demonstrating how correlations disappear upon approach to equilibrium. The bound above can be understood as follows. Correlations have units of energy squared, and vanish at equilibrium. One therefore expects them to scale as J τ , multiplied by an energy scale derived from the energies k B T i . This is expressed by the Lyapunov equation Eq. (7). The matrix R sets the time scale τ for relaxation, with τ −1 = λ max , the larger of the eigenvalues of R. The elements of the matrix Q are sums of B ij terms. According to Eq. (4), B ij = 2A ij / (β i − β j ) , these are proportional to the averaged currents A ij multiplied by a combination of the energy scales k B T i . The solution to the Lyapunov equation therefore scales as J τ multiplied by a combination of the energies k B T i .
Interestingly, the energy scale J τ also appears in an exact relation for the non-equilibrium fluctuations in a simpler model, where a single system is connected to two heat baths. In Ref. [13] it was shown that when Eq. (4) holds, energy fluctuations in the system are given by J τ β2−β1
(β0−β1)(β2−β0) . Finally, we comment that the large deviation functional (LDF) of the energy or density profile in non-equilibrium systems has recently been the subject of close attention [1, 15, 16, [20] [21] [22] [23] [24] [25] . In particular it has been shown that the non-locality of the LDF is directly related to the nonequilibrium long-range correlations [1, 26] . The model studied here, being low dimensional, might serve as a good template for understanding their general properties, in particular, in light of the insights gained on the sign of the correlations in driven diffusive systems. To date, the LDF has been determined for a few models in the macroscopic limit [16, 27] and obeys a variational principle which remains to be understood for generic systems.
effectively converts outgoing a photons from the first cavity into b photons in the second cavity. The prefactor λ plays the role of the transmission through the barrier separating the two systems and we assume that the barrier does not radiate, i.e. it is effectively at zero temperature. Usual blackbody radiation corresponds to λ = 1.
To calculate the energy transfer between the two systems we will use Fermi Golden rule treating H int as a perturbation. Then, the matrix element squared for a photon of a given polarization with momentum k = (k x , k y , k z ) in box a to transfer to box b with momentum
where n (a,b) k = 1/(e −β a,b ck − 1) are the Bose occupation factors for the two cavities, and L is the linear size of the cavities along the contact surface. Each such process leads to an energy transfer ck. Then, using the Fermi golden rule and summing over initial and final states, we find the energy transfer rate from box a to b to be
Taking into account that k z > 0 and k ′ z > 0, and using the fact that δ( ck − ck ′ ) = kz ck δ(k z − k ′ z ), we obtain
This reduces to the usual result for blackbody radiation when β b = ∞ and λ = 1. The net energy transfer rate from a to b is then
where σ = π 2 L 2 60c 2 3 is the Stefan constant. Note that since the energy density of a blackbody is proportional to T 4 the black body radiation results in a linear A model. We can compute the energy fluctuations in a similar fashion:
Numerically we find that this expression is well approximated by
